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Abstract

We say that a set A t-intersects a set B if A and B have at least t common
elements. A family A of sets is said to be t-intersecting if each set in A t-intersects
any other set in A. Families Aj, Ao, ..., A are said to be cross-t-intersecting if for
any ¢ and j in {1,2,...,k} with ¢ # j, any set in A; t-intersects any set in A;.
We prove that for any finite family F that has at least one set of size at least t,
there exists an integer k < |F| such that for any £ > k, both the sum and the
product of sizes of any k cross-t-intersecting subfamilies Aj, ..., A (not necessarily
distinct or non-empty) of F are maxima if A4; = ... = A = L for some largest
t-intersecting subfamily £ of F. We then study the smallest possible value of k and
investigate the case k < k; this includes a cross-intersection result for straight lines
that demonstrates that it is possible to have F and  such that for any k < k, the
configuration A; = ... = A = L is neither optimal for the sum nor optimal for the
product. We also outline solutions for various important families F, and we provide
solutions for the case when F is a power set.

1 Introduction

Unless otherwise stated, throughout this paper we shall use small letters such as x to
denote elements of a set or positive integers, capital letters such as X to denote sets, and
calligraphic letters such as F to denote families (that is, sets whose elements are sets
themselves). Unless specified, sets and families are taken to be finite and may be the
empty set (. An r-set is a set of size r, that is, a set having exactly r elements. For any
integer n > 1, [n] denotes the set {1,...,n} of the first n positive integers.

Given an integer t > 1, we say that a set A t-intersects a set B if A and B have at least
t common elements. A family A is said to be t-intersecting if each set in A t-intersects
any other set in A (i.e. |[ANB| >t for any A,B € A with A # B). A l-intersecting
family is also simply called an intersecting family. Families Ay, ..., A are said to be cross-
t-intersecting if for any ¢ and j in [k] with ¢ # j, any set in A; t-intersects any set in A;
(i.e. |JANB| >t for any A € A; and any B € A;). Cross-1-intersecting families are also
simply called cross-intersecting families.

Let ([Z]) denote the family of all subsets of [n] of size r. The classical Erdgs-Ko-
Rado (EKR) Theorem [17| says that if n is sufficiently larger than r, then the size of
any t-intersecting subfamily of ([’;]) is at most (”_t), which is the number of sets in the

r—t
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t-intersecting subfamily of ([Z]) consisting of those sets having [t] as a subset. The EKR
Theorem inspired a wealth of results of this kind, that is, results that establish how large
a system of sets can be under certain intersection conditions; see |10, 14, 18|.

For t-intersecting subfamilies of a given family F, the natural question to ask is how
large they can be. For cross-t-intersecting families, two natural parameters arise: the
sum and the product of sizes of the cross-t-intersecting families (note that the product
of sizes of k families A, ..., Ay is the number of k-tuples (Ay, ..., Ay) such that A; € A,
for each i € [k]). It is therefore natural to consider the problem of maximising the sum
or the product of sizes of k cross-t-intersecting subfamilies (not necessarily distinct or
non-empty) of a given family F.

The main result in this paper (Theorem 1.1 below) relates both the maximum sum
and the maximum product of sizes of k cross-t-intersecting subfamilies of any family F to
the maximum size of a ¢-intersecting subfamily of F when £ is not smaller than a certain
value depending on F and t. It gives the maximum sum and the maximum product in
terms of the size of a largest t-intersecting subfamily.

For any non-empty family F, let a(F) denote the size of a largest set in F. Suppose
a(F) < t, and let Ay, ..., Ay (k > 2) be subfamilies of . Then A, ..., Ay are cross-t-
intersecting if and only if at most one of them is non-empty (since no set in F t-intersects
itself or another set in F). Thus, if Ay, ..., A, are cross-t-intersecting, then the product
of their sizes is 0 and the sum of their sizes is at most the size |F| of F (which is attained
if and only if one of them is F and the others are all empty). This completely solves our
problem for the case «(F) < t.

We now address the case a(F) > t. Before stating our main result, we need to
introduce some definitions and parameters.

For any family A, let A“* be the (t-intersecting) subfamily of A given by

At ={A e A: |JANB| >t for any B € A such that A # B},

and let
AT = A\AYT.
In simple terms, a set A in A is in A"~ if there exists a set B in A such that A # B
and A does not t-intersect B, otherwise A is in A»*. The definitions of A" and A%~ are
generalisations of the definitions of A* and A’ in [5, 6, 7, 8, 12]; A* = Ab* and A’ = AL,
Let [(F,t) denote the size of a largest t-intersecting subfamily of a non-empty family
F. For any subfamily A of F, we define

_ t,+
G &t"’f‘ it 20,
BIF, 1, A) =
l(‘?__”t) if A%~ = 0;

so |AMT|+ B(F,t, A)| A | < I(F,t) (even if A~ = (0, because |A»T| < I(F,t) since AHT
is t-intersecting). We now define

B(F,t) =min{B(F,t, A): AC F}.

Therefore,
|AY T + B(F, )| A" | < I(F,t) for any A C F. (1)

In Section 3 we show that in fact
I(F,t)
| F|

ﬂ(}",t):max{ceR:cg , AT+ | AT < U(F,t) for anyAQ.F} (2)
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(see Proposition 3.2), where R is the set of real numbers, and we also determine other
basic facts about the parameter 5(F,t); in particular, we show that we actually have

1 I(F 1)
f

7 9

(see Propositions 3.1 and 3.2). In Section 3.2 we point out various important families F
for which B(F,t) is known to be 422

| 7]
By the lower bound in (3), for any non-empty family F, we can define
1
k(F,t) =
P =570

and we have
K(F,t) < |F|.

We can now state our main result.

Theorem 1.1 Let Ay, ..., Ay be cross-t-intersecting subfamilies of a family F with o(F) >
t. If k > k(F,t), then

k k
> Ml <k((F, 1) and - TIAL< ((F D),

and both bounds are attained if Ay = ... = Ay, = L for some largest t-intersecting subfamily
L of F. Moreover, if k > k(F,t), then in both inequalities, equality holds only if Ay =
. = Ay = L for some largest t-intersecting subfamily L of F.

In Section 4 we prove the following result, which tells us that if & < k(F,t), then the
sum inequality above does not hold for Ay, ..., Ay with a maximum value of 3%, | 4.

Theorem 1.2 Let F be a family with o(F) > t. Let Ay, ..., Ay be cross-t-intersecting
subfamilies of F such that Zle |A;| is mazimum. Then:

(1) iy Al = K(U(F ) if k2 K(F,1);

(i) S5 [Ail > k(I(F 1) if k < &(F,1).

In Theorem 1.1 the product inequality follows immediately from the sum inequality
and the following elementary result, known as the Arithmetic Mean-Geometric Mean
(AM-GM) Inequality.

Lemma 1.3 (AM-GM Inequality) Ifzq,xs,..., 2z, are non-negative real numbers, then
k 1/k Lk
i=1 i=1
P . 1/k
Indeed, if Y, |A;| < k(I(F,t)), then, by Lemma 1.3, (Hi:l |A,|> < I(F,t) and hence
15, |A| < (I(F,t))k. Therefore, if the configuration A; = ... = A, = £ (where £ is as
in Theorem 1.1) gives a maximum sum, then A; = ... = A, = £ also gives a maximum
product. The converse is not true; indeed, as demonstrated in Section 5, we may have
that 2 < k < k(F,t) and A; = ... = A, = L still gives a maximum product, in which case
Ay = ... = A, = L gives a maximum product for any h > k (see Lemma 5.1). However,

in Section 5 we prove the following interesting fact.
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Remark 1.4 Just like the threshold x(F,t) for the maximum sum part of Theorem 1.1
cannot be improved (by Theorem 1.2), the threshold x(F,t) for the maximum product
part of Theorem 1.1 can neither be improved in general. Indeed, we will give a (geomet-
rical) construction of a family F such that for any k < x(F,t), the product of sizes of k
cross-t-intersecting subfamilies Aq, ..., Ay of F is not maximum if A; = ... = A, = L; see
Construction 5.3 and Theorem 5.4.

We conclude this section by mentioning that in Sections 4 and 5 we provide various
general results about the maximum sum and the maximum product, respectively, and we
also outline solutions for various important families.

2 Proof of the main result

The proof of Theorem 1.1 relies on the following lemma.

Lemma 2.1 Let Ay, ..., A be cross-t-intersecting families, and let A = Ule A;. Then
(i) At = Ui AT

(ii) A~ = Ui A"

(i) |AY~| = 3, AP

Proof. Clearly AT C Ule A", Suppose A € Ule AT, Then A € A,"" for some
h € [k], meaning that |[AN B| >t for any B € A,\{A}. Also, by the cross-t-intersection
condition, for any j € [k]\{h}, |[AN B| >t for any B € A;. So A € A"". Therefore,
UL, At C AYF. Together with A%t C Y, AT, this gives us (i).

Clearly ¥, A"~ C A“". Suppose A € A“~. Then A € A, for some h € [k], and
|AN B| <t for some B € A\{A}. By the cross-t-intersection condition, B ¢ A; for each
j € [k\{h}. So B € Aj, and hence A € A,"~. Therefore, A>~ C [J | A", Together
with I, A%~ €AY, this gives us (ii).

Suppose A;"~ N A;"~ # 0 for some i and j in [k] with i # j. Let A € A" NA"".
Having A € A"~ means that there exists a set B in A;"~ such that |AN B| < t; however,

since A € Aj;, this contradicts the cross-t-intersection condition. So A;"~ N A;*~ = () for
any i and j in [k] with i # j (that is, A", ..., A"~ are disjoint). Together with (ii), this
gives us (iii). O

Proof of Theorem 1.1. Suppose k > x(F,t). Then B(F,t) > 1/k. Let A be the
subfamily of F given by the union Ule A;. We have

k k k
SOTAL=D> A+ A
i=1 =1 =1
< JA"T| + kAT (by Lemma 2.1)
1
= (1A 4 )

(1A% + B(F, )| A7)

<k
<k(U(F,1))  (by (1)) (4)

and, by Lemma 1.3 and (4),

[Tl < (%Zw) < (UF1)". (5)
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If Ay =... = A, = L for some largest t-intersecting subfamily £ of F, then obviously
Ay, ..., Ay are cross-t-intersecting, 2% | A;| = k(I(F,t)) and []L_, |4i| = (I(F,1))*. Now
suppose k > k(F,t) and either 3% A = k(I(F,t)) or [, |A:|l = (I(F,t)k. If
[T Al = (UF, 1)k, then S, A = k((F.1)) by (5). So S0, [Ail = k(I(F,1)).
Thus in (4) we have equality throughout. It follows that |A»"| = 0 (since k > x(F, 1)
implies that + < 8(F,t)), and hence A = A"". So A is a t-intersecting subfamily of F.
Since Y2 | | A;| = k(I(F,t)) and A; C A for each i € [k], it follows that A; = ... = A, = A
and A is a largest t-intersecting subfamily of F. |

3 The parameter 5(F,t)

Theorems 1.1 and 1.2 tell us that [x(F,t)] is the smallest integer ko such that for any
k > ko, the configuration A4, = ... = Ay = L (as in the theorems) is optimal for the
maximisation of both the sum and the product of sizes. So x(F,t) is an important pa-
rameter and hence worth investigating. But x(F,t) is simply defined to be the reciprocal
of 5(F,t), and hence we may instead focus on G(F,t).

In this section we first establish some basic facts on 5(F,t) and then we provide the
value of §(F,t) for various important families F.

3.1 General facts

We start by proving the lower bound in (3) and characterising the families for which it is
attained.

Proposition 3.1 For any family F # 0,

BF.D = 3

and equality holds if and only if |AN B| <t for any distinct A and B in F.

Proof. Since F is non-empty, [(F,t) > 1 because any subfamily of F consisting of only
one set is t-intersecting (by definition). Let A C F. If A%~ = 0, then B(F,t, A) =
l(‘];’f) > m and equality holds only if I(F,¢) = 1. Now suppose A"~ # (). Let A € A"~.
Then A"+ U {A} is a t-intersecting subfamily of F, and hence |A"" U {A}| < I(F,t). So
I(F,t) > |A"T| + 1. We therefore have 3(F,t, A) = f&t—ljfﬂ > |1‘, and equality holds
only if I[(F,t) — |A"T] = 1 and A"~ = F, in which case A"" = () and hence {(F,t) = 1.
Therefore B(F,t) > ] FI and equality holds only if I(F,t) = 1. Now clearly I(F,t) =1
if and only if |[A N B| < t for any distinct A and B in F, in which case either |F| =1
or for all A C F with |A] > 2, A"~ = A and A" = (. So I(F,t) = 1 implies that
B(F,t)=B(F,t,F) = ‘—;| O

We next prove (2), which gives a clear description of S(F,t), and hence establish the
upper bound in (3).

Proposition 3.2 For any family F # (), B(F,t) is the largest real number ¢ < l(‘];‘t) such
that

|AYt ] + | A | < I(F,t)  for any AC F.



Proof. For any A C F, |A""| + B(F,t)|AM| < |AYF| + B(F, t, A)| A~ <I(F,t). Since
B(F,t,0) = T,

I(F,t)

Il
Suppose [(F,t) < l(|f]_.’|t). Let d be a real number greater than g(F,t). Let Ay C F
such that B(F,t, Ay) = B(F,t). Since B(F,t, Ay) # L2 we have A"~ # 0 and hence

| 7]
A5+ B, Ag) Ao | = U, 1) So | A + dlAgt| > I(F, 1) Hence the result. O

B(F,t) <

Remark 3.3 When A»" = () it does not matter what 3(F,t, A) is, because |A“"| +
B(F,t, A)| A"~ = |A| < I(F,t). Thus we could define 3(F,t) to be the minimum
value of B(F,t,.A) such that A%~ = () when such a subfamily A exists, i.e. when F“~ # ()
(i.e. when F is not t-intersecting). However, this would still give us S(F,t) < 420

\ |[F| 2
indeed,
B I(F,t) — |]-"t’+| I(F,t) — |]-"t’+| I(F,t)
Fhm 40 = B(FtF)=—" = < 6
ot F) = =17 F—F S 7 ©)
I(F,t)
= B(F,t) <
<2

If 757 # () and F"* # (), then the inequality in (6) is strict. Thus, if S(F,t) = l(‘];f),
then either F4~ = () or &+ = (). Therefore,

= F=F""or F=Fb" (7)

Example 3.4 Let [y, ..., F,, be n > 2 disjoint sets, each of size at least ¢, and let F,, | =
U?:lﬂ' Let F = {Fl,...,Fn,Fn+1}. Then F’+ = {Fn+1}, F’_ = {Fl,...,Fn} and

I(F,t)=2. By (7), B(F,t) # l(lj;f) (so B(F, t) l(lj;f) by (3)); one can easily check that

in fact B(F,t) = B(F,t,F) = -, and hence IF\ < B(F,t) < %

Clearly, if F = F&*, then F is t-intersecting and hence 8(F,t) = l(f;') 1. However,

if 7 = F"~, then we do not necessarily have 3(F,t) = (|];|t) so the converse of (7) is not
true.

Example 3.5 Let 2 < m < n, and let F},...,F,, F,,.1 be as in Example 3.4. Let
Foio, ..., Fiim be sets that are disjoint from each other and from F,,; = U"+1 F;. Let
F =A{F,...Fim}. Then F = F"~ and I(F,t) = 2. Let A = {F,...,F,1}. Then
A = {Fon}, A = {Fy, ., B}, and B(F, 1) < B(F, 1, 4) = 1 < 2 = {20,

n+m

3.2 The value of §(F,t) for various important families F

There are many important families F which attain the upper bound in (3).
In each of the papers [5, 6, 7, 12|, a particular important family F is considered, and it

is proved that |AbT|+ l(f;_lﬁ) |AL~| < I(F, 1) for any A C F, meaning that 8(F,1) = f;ﬂ)
by Proposition 3.2. In [5] (a paper inspired by [20]), F is ([”]), r<n/2 (ifn/2 <r <mn,

then F is l-intersecting, and hence B(F,1) = l(]:l still holds). In [6], F is

Prn ={{(1L,11),(2,92), ., (y9:) }: Y1, Y2, .., Y are distinet elements of [n]}  (r € [n]),
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which describes permutations of r-subsets of [n] (see [6]). In [7], F is

P = {{(z1,11), .., (T, yp)}: @1, ..., x, are distinct elements of [n],

Y1, ..., Y are distinct elements of [n]} (r € [n]),
which describes r-partial permutations of [n] (see [7]). In [12], F is the family
Snrm = {{(z1,01), o, (Tr, yr) } £ 21, ..., 2, are distinct elements of [n], y1, ...,y € [Mm]}

of m-signed r-subsets of [n], where r € [n] and m > 2. For each of these families, the value
of I(F,1) is known and is attained by the intersecting subfamily {F' € F: z € F'} for
any © € (Jper I (for example, the subfamily {A € ([Z]): 1e A} of ([Z]), the subfamily
{Ae P, (1,1) € A} of P,,,, ete.); see [10].

We now prove that the same holds for the power set of a set X, i.e. the family of all
subsets of X, which is perhaps the most natural family one can think of. Let 2% denote

the power set of X. One of the basic results in extremal set theory is that [(2[", 1) = 271
(see [17]), and this is generalised by our next result.

Theorem 3.6 If F =2, then
(F,1) 1

FN == =5

Proof. Let A C F = 2", Let B = {[n]\A: A € A¥*}. So |B| = |AY*]|. For any B € B,
we have B = [n]\A for some A € A"", and hence, by definition of A", B ¢ A since
|AN B| =0. So A and B are disjoint subfamilies of F. Therefore,

2AANT| + |AVT = AV + B[+ [AYT| = A+ [B] = [AUB| < | F| = 2"

and hence, dividing throughout by 2, we get | A" |+3|.A%7| < 2771, It follows that the size
of any 1-intersecting subfamily of F is at most 2" (as A = AYT if A is l-intersecting),
and this bound is attained by the trivial 1-intersecting subfamily {A € F: 1 € A}; so
I(F,1) = 2071 and 120 — 1 So we have |ALF| 4+ X210 AL=| < [(F,1). By Proposi-

A5 L
tion 3.2, B(F,1) = (lff =1 O
Note that by Theorems 3.6 and 1.1, for F = 2", the configuration A; = ... = A, = L

is optimal for both the sum and the product for any & > 2. More precisely, we have the
following.

Theorem 3.7 Let k > 2, and let Ay, ..., A, be cross-1-intersecting subfamilies of 2.
Then

i k
Z |A;| < k2" and H |A;| < 2k,
=1 i=1
and both bounds are attained if Ay = ... = Ay = {A € olnl. 1 ¢ AY. Moreover, if k > 2,

then in both inequalities, equality holds if and only if Ay = ... = Ay = L for some largest
1-intersecting subfamily L of F.!

LAt the time of writing this paper, this result was generalised in [8] for any union of power sets of sets
which have a common element.



The above results for 5(F, 1) generalise for 5(F,t) as follows. Recently, Wang and
Zhang [29] observed that the method employed in [5, 6, 7, 12] together with a result
for vertex-transitive graphs found in [3] and also in [13| (see [29]) immediately give us

B(F,t) = l(];f ) for the following very important class of families.

We shal{ call a family F t-symmetric if there exists a group I' of bijections with domain
F and co-domain F such that [' acts transitively on F and preserves the ¢-intersection
property, i.e. for any A, B € F, the following hold:
(a) there exists § € I' such that B = §(A);
(b) if A t-intersects B, then for all v € I, v(A) t-intersects v(B) .

The result proved by Wang and Zhang [29, Corollary 2.4] gives us the following.

Theorem 3.8 ([29]) If A is a subfamily of a t-symmetric family F, then

A+ —l(f;lt) A < U(F 1),

Together with Proposition 3.2, this immediately gives us the next result.

Corollary 3.9 For any t-symmetric family F,

B(F,t) = l(let)

It turns out that the families ([Z}), Prn, Py(f) and S, ., are t-symmetric for any ¢ > 1.
Also, the value of I(F,t) is known precisely for the following cases: F = ([:f]) (see [1]),
F = Snnm (see [2,19]), F = Sppm with n > (r —t +m)(t +1)/m (see [4]), F = Pun
with n sufficiently larger than ¢ (see [16]), F = P.,,, with n sufficiently larger than r (see
[11]), and P with n sufficiently larger than r (see [24, 11, 9]). Thus, by Corollary 3.9,
we know B(F,t) for each of these cases.

Another important family for which we have similar results is the family V,, ,.(¢) of all r-
dimensional subspaces of an n-dimensional vector space over a g-element field; however, for
this family, ¢-intersection is defined slightly differently, and we will discuss this separately
in Section 4.2.

Now 1(2[" ) was determined in [22], and although 2 is not t-symmetric, we will
now determine (2" ¢) using the fact that S, is t-symmetric and that we also know
[(Snn2,t) (see [23], and see [2, 19] for S, ,.»), which is in fact equal to [(2["),¢). Define

{AC n]: |Al > (n+1)/2} if n 4+t is even;
ICn,t:
{ACn]:|[Ann—-1)| > (n+t—-1)/2} ifn+tisodd.

Katona [22] proved that IC,,; is a largest ¢-intersecting subfamily of 2" (and uniquely so
up to isomorphism if ¢ > 2); so (2", ¢) = |K,.|. Kleitman [23] showed that we also have
Z(Sn,n,%t) = |}Cn,t|'

Theorem 3.10 If F = 2" and n > t, then

UF.1) Kl
| 7] -

B(fat) =



Proof. Let A C 2", For each A € A, let B4 be the set {(a,1): a € AYU{(b,2): b €
n]\A} in S, .2 Let B be the subfamily {B4: A € A} of S,,n2. By Theorem 3.8,

|BU| + Z(S"“t 1B~ < I(Snna,t). Since |Spno|l = 2" and [(Spn2,t) = |[Kusl, we get
|BET| + |K2T||Bt_| < |Kntl- Now we clearly have that if A € A"t then By € B"". So

|AMT] = |BY*| — p for some non-negative integer p, and hence, since |A“*| + |AbT| =

|A| = |B| = |B""| + |[B""|, we have |A"~| = |[B"| + p. So we have

2 _ K, _ K, _
o S5 ey = e -+ Bl ) < e+ B < g

Therefore, by Proposition 3.2, 3(2I" ) = “f;;f]f ) and hence the result. O

4 The maximum sum

In this section we restrict our attention to the the problem of maximising the sum of
sizes of any number of cross-t-intersecting subfamilies of a given family F. Similarly to
Section 3, we first prove general results and then we provide complete solutions for various
important families.

4.1 General results and observations

We start by proving Theorem 1.2.

Proof of Theorem 1.2. (i) is given by Theorem 1.1. Suppose k < rk(F,t). So
T > B(F,1).

Case 1: B(F,t) = |]_.| . So k< ft) and hence k(I(F,t)) < |F|. Let By = F and
By = ... =By, = 0. Since By, ..., By, are cross-t-intersecting, S°r_ [ A;| > S35 |Bi]. So we
have 30 | [Ai| > [F| > k(I(F,t)).

Case 2: B(F,t) # LD By (3), B(F,t) < “ZL  Thus, taking Ay C F such that

171 171
B(F,t, Ag) = B(F,t), we have Ay"~ # 0 and | A" F| + B(F,t)| A" | = I(F,t). Since
2> B(F,0), [A" | + 1| A" 7| > I(F,t). Let By = Ag and By = ... = B, = Ag"*. Then
k

1
D181 = (A A+ (b = DA = (A f1Ad )

i=1

and hence 3> |Bi| > k(I(F,t)). Since By, ..., By, are cross-t-intersecting, we have S5, |A;] >
S Bl > K(UF,1)). O

As we have seen in Section 3, the case 5(F,t) = | Fl
For this particularly interesting case, we have the following precise result, which gives us

the maximum sum of sizes for any £ > 2, and characterises optimal configurations. Recall
that max{|F|: F' € F} is denoted by a(F).

Theorem 4.1 Let F be a family with o(F) >t and S(F,t) = ﬁf) Let Ay, ..., Ay be

cross-t-intersecting subfamilies of F such that S&_, |A;| is mazimum. Then

K |F| if k< gFss

> A= N

im1 FUF ) if k> 5y

9



Moreover,

(i) if k < Z(L;—Lf then A; = A"~ for alli € [k], and Ay, ..., Ax partition F;

(ii) if k > 5 |]:| , then Ay = ... = A, = L for some largest t-intersecting subfamily L of F.

Remark 4.2 An optimal configuration for the case k < l(‘f |t) is the one with A; =

and Ay, = ... = A, = 0; we will call this the trivial configuration. If k = Iﬂ) then the
configuration A; = ... = A, = L is also optimal. For each of the cases k£ < l(ljﬂ)

k= |f‘t), it is possible to have other optimal configurations but it is also possible to not

have any others; [6, Theorem 1.4 gives an example of each of these possibilities for ¢t = 1.

and

|7 is
U(F,t)

Proof of Theorem 4.1. Since 3(F,t) = 820 x(F t) =
given by Theorem 1.1.

Let A= ', A;. Lemma 2.1 tells us that A4+ = (JX | AP, AP~ = U, A, and
Ab7 L ARbT partition AT, So we have

k k k
DAL= D TAST Y AT < LAY 4 RLAYT
i=1 i=1 i=1

1
< I(F,t) —|A"T]) + k| AT by (1
ﬁ(f,t)“ ) = AT + K[AT] (by (1))
7] ’ I
= UF,t) — |AY]) + kA = | F| + (k- b (8
TR ) = LA ) 4 A = |7+ (k= s ) 1A )
(note that the case k > I ‘t) can be deduced from (8) since |A"*| < I(F,t)). Suppose
k < ‘ﬁt) Then % | |A;| < |F, and if k < lﬁt)’ then, by (8), the bound is attained
only if A%" = () and A%~ = F, which implies that A; = A;"~ for all i € [k], and that
A, ..., A partition F. Now let B = F and By = ... = B, = 0. Since By, ..., B, are

cross-t-intersecting and YF_ [Bi| = |F|, we have |F| < S°F A (as 325 4] is max-
imum). Together with >-F | .A4;| < |F], this gives us 3.1, |4;] = | F|. Hence the result. O

The results above raise the following question: can we say something in general about
the structure of an optimal configuration for k& < x(F,t)? An answer is given by the next
result, which in particular describes an optimal configuration.

Proposition 4.3 Let F and Ay, ..., Ay be as in Theorem 1.2. Let A = Ule A;. Let
Aoy be a subfamily of F such that |A""| + 1| Ao" | is mazimum, and let B, = Ao and
BQ =..= Bk = Aot’+. Then

(i) By, ..., By are cross-t-intersecting subfamilies of F,

(i6) 5, |A] = S 1B and | A 4+ HA| = [ Ao+ A"

Proof. (i) is trivial. As in the proof of Theorem 1.1, S | | A, < k (JAST] + £|A57]).
Thus, by the choice of Ay, S35, |4 < k (J A Y| + 11 A"T]) = S |Bi|, where the
equality follows as in the proof of Theorem 1.2. Now by (i) and the choice of A, ..., Ay,
S AL > S IBi]. So we actually have S5 [A;] = S2F |Bi| and hence |AYt| +
A 2 1A 2 A 0

Remark 4.4 We know from Theorems 1.1 and 1.2 that the configuration Ay, ..., Ay = L
is always optimal for k& > k(F,t) (and uniquely so if k& > x(F,t)) and never optimal

10



for k < k(F,t). Theorem 4.1 tells us that the trivial configuration (see Remark 4.2) is

always optimal for k < k(F,t) if 5(F,t) = UFb), However, as Proposition 4.3 suggests,

7]
the trivial configuration may not be optimal for k < k(F,t) if 5(F,t) # l(‘fT"t), meaning

that it is possible to have F and k for which neither of the two simple configurations
mentioned in Remark 4.2 give a maximum sum.

Proposition 4.5 Let F be a family with «(F) > t, FoF #£ 0 and Fb~ # 0. Suppose 2 <
k < k(F,t) and Ay, ..., Ay are cross-t-intersecting subfamilies of F such that Zle |A;| s
mazimum. Then we neither have A; = F for some i € [k] and A; =0 for all j € [k]\{i}

nor have Ay = ... = A, = L for some largest t-intersecting subfamily L of F.

Proof. By Theorem 1.2, we do not have A, = ... = A, = L. Let B, = F and
By, = .. = By = Fi*. Since By, ..., By, are cross-t-intersecting, S°r_ |A;| > S |Bj.
So S JAil > |F| + (k — 1)|Ft| > | F|. The result follows. 0

Note that if F is as in the above proposition, then for all £ > 2, the trivial configuration
is not optimal; this is immediate from the proof of the proposition.

An example of a family F as in the above result is the one in Example 3.4. The
example below shows that the phenomenon described at the end of Remark 4.4 may also
happen when F&* = () and hence F = F"~ (it cannot happen when F*~ = (), because
then F itself is t-intersecting and hence we can take A; = ... = A, = F).

Example 4.6 Let 2 < m < k < n. Let F = {F}, ..., Fumm} be as in Example 3.5. Let
Ay ={F, ... Fyand Ay = ... = Ay, = {F,,11}. Then A, ..., A; are cross-t-intersecting
and 8 | Al = n+ k > max{n + m, 2k} = max{|F|, k(I(F,))}.

However, unlike Proposition 4.5, if F = Fb~, B(F,t) # l(‘]]-;"t) and k < k(F,t), then the

trivial configuration may still give a maximum sum.

Example 4.7 Let F = {F,..., F,1n} be as in Example 3.5, and let 2 < k < m. We
have F = F4~. If A C F and A"" # (), then one of the following holds: (i) |A| = 1, (ii)
A=A = {FZ,FnH} for some i € [n], (iii) A" = {F,11} and At C {F, ... F.}. Tt
is therefore easy to check that B(F,t) = B(F,t,{Fi, ..., Far1}) = = < 2= = l(m Since
k<m<mn, k< r(F,t). It is also easy to check that if A C F, then | AT+ AT s
maximum if 4 = F. By Proposition 4.3, the trivial configuration gives a maximum sum.

4.2 Solutions for various important families

Section 3.2 gives the values of S(F,t) that we know for the families 2", ([f]), Prons

Pr(f) and S, ,,, and they all turn out to be the maximum possible value (];‘t) Thus,
by Theorem 4.1, for all these cases we know the maximum sum of sizes of any k& > 2
cross-t-intersecting subfamilies of F, and we also know that at least one of the trivial

configuration (see Remark 4.2) and the configuration A; = ... = Ay = L is optimal, with
\fl . We point out that [29,
Theorem 2.5 tells us that in addition to this, for the cases We are discussing except for

the one with F = P35 and t = 1 (see [6]), when k < l(g‘t) the trivial conﬁguration is the

unique optimal configuration if we simply insist that A; # @ (for 2", this emerges from
the correspondence with S, ,, 2 used in the proof of Theorem 3.10). AS pointed out in

the latter being the unique optimal configuration when &k > ;
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Remark 4.2, for the case k = Iﬂ) there may be other optimal configurations apart from
the two mentloned above.

Now recall the family V), ,(¢) defined in Secion 3.2. If A, B € V), .(¢) such that dim(AN
B) > t, then, with slight abuse of terminology, we say that A t-intersects B. For V, . (q),
we work with this definition of ¢-intersection instead of the usual one, and so we define t-
intersecting subfamilies, cross-t-intersecting subfamilies, ((V,,-(¢),t), B(V,.r(q),t), and so
on, accordingly. The value of I(V,,(q),t) was determined in [21]. V,,(q) is t-symmetric;
see |29, Example 1.3]. By [29, Corollary 2.4|, the statement of Theorem 3.8 holds for
Vur(q). Thus, by applying the argument in the proof of Proposition 3.2 to V, ,(q), we

obtain S(V,.-(q),t) = %. [29, Theorem 2.5] solved the problem of maximising the

sum of sizes of k > 2 cross-t-intersecting subfamilies of V,, ,.(q).

5 The maximum product

In this section we restrict our attention to the the problem of maximising the product of
sizes of cross-t-intersecting subfamilies of a given family F. Similarly to the two preceding
sections, we first reveal some interesting facts and then we provide solutions for various
important families.

5.1 General results and observations

Theorem 1.1 tells us that the configuration A; = ... = Ay = L (where L is a largest
t-intersecting subfamily of F) gives both a maximum sum and a maximum product of
sizes when k > k(F,t), and Theorem 1.2 tells us that this configuration never gives a
maximum sum when k < k(F,t). However, this configuration may still give a maximum
product when k < k(F,t). For example, the main result in 26| tells us that the product of
sizes of 2 cross-1-intersecting subfamilies A; and A, of ([:f]) is maximum if Ay = Ay = L
for some largest 1-intersecting subfamily £ of ("}) where £ = ([n) if n/2 < r <mn, and by
the classical result in [17], £ is of size ("_]) (the size of the 1-intersecting subfamily {A €

([Z]): 1€ A} of ([:f])) if r < n/2; note that if r < n/2, then, since ((T), 1) = % =

(see Section 3.2), we have 2 < k (([Z}), 1). The general cross-t-intersection version (also

for 2 subfamilies) is given in [28] for n sufficiently large; see Theorem 5.7. Other results
of this kind are given in the next subsection. The following tells us that such product
results generalise to k subfamilies for any k& > 2.

Lemma 5.1 Let £ be a largest t-intersecting subfamily of a family F. Suppose that
the product of sizes of p cross-t-intersecting subfamilies By, ..., B, of F is mazimum if
By = .. =B, = L. Then for any k > p, the product of sizes of k cross-t-intersecting
subfamilies Ay, ..., Ay of F is maximum if Ay = ... = A, =L

We first prove the following result, which immediately yields the above result.

Lemma 5.2 Let k > p, and let x1, ..., Tk, Y1, ..., Y be non-negative real numbers such that
[Lic; v < 1lic;yi for any subset I of [k] of size p. Then Hle x; < Hle Ys.

Proof. Let mod* represent the usual modulo operation with the exception that for any
two positive integers a and b, ba mod* a is a instead of 0. We have

k Pok-1p k-1 p
i=1

1=0 j=1 10]1
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Hence the result. O

Proof of Lemma 5.1. By our assumption, [],.; |Ai| < (I(F,t))” for any subset I of [k] of
size p. By Lemma 5.2 with z; = |4;| and y; = I(F,t) for all i € [k], H?Zl |A;| < (I(F, 1)~
The result follows. a

We now prove Remark 1.4. More precisely, we will show that for any ¢ > 1 and any
p > 3, there are families F with x(F,t) = p such that, unlike the case when k > x(F,t)
(see Theorem 1.1), for any 2 < k < k(F,t), the product of sizes of k cross-t-intersecting
subfamilies Aq, ..., A, of F is not maximum if A, = ... = A, = L for some largest t-
intersecting subfamily £ of F. Our aim is to construct a family P of size p* that can
be partitioned into p cross-1-intersecting families P, ..., P,, each of size p, such that for
any i € [p], the p sets A;1,...,A;, in P; are disjoint. Then we take B to be the family
obtained from P by replacing each element u of the union of all sets in P by ¢ new elements
ULy onny Ug.

Construction 5.3 Let p > 3 be an integer. Let m4,...,m, and ¢y, ..., ¢, be distinct real
numbers. For any 7,5 € [p], let L;; be the straight line in R? obtained from the function
y: R — R defined by y(x) = m;x + ¢;. For any i,j € [p], let A;; be the set of all points

(i.e. co-ordinates) of intersection of L; ; with the other lines Ly j, i.e.

Aij={(a,b) e R*: 3¢, j" € [p], (¢, j") # (i, ), such that L;; intersects Ly j at (a,b)} .
Let (a1,b1), ..., (as, bs) be the distinct co-ordinates in the set | Ji_; (JI_, A;; of all points
of pairwise intersection of these lines, and let T(4, 3,), ..., T(a,p,) be disjoint sets of size ¢.
For any 4, j € [p], let B;j = Up)e 4;; Hapy: s0 Bij is simply the set obtained by replacing
each point (a,b) in A; ; by the ¢ elements of the corresponding set T(, 4. For each i € [p],
let B; ={Bi1,....,Bip}. Nowlet B=J,_, B, ={B;;:i,j € [p]}.

Theorem 5.4 Let B be as in Construction 5.3. Let L be a largest t-intersecting subfamily
of B, and let Ay, ..., Ay be cross-t-intersecting subfamilies of B. Then:

(1) k(B t) = |L] = p;

(i) if k > w(B,t) and A, = ... = Ay = L, then T[], |Ai| is mazimum;

(iii) if k < k(B,t) and Ay = ... = Ay, = L, then Hle |A;| is not mazimum.

Proof. Let Z be a t-intersecting subfamily of B. For each ¢ € [p], the lines L; 1, ..., L,
have the same gradient m,, and hence, since cy, ..., ¢, are distinct, L; 1, ..., L; , are distinct
parallel lines, meaning that no two intersect. Thus, for each ¢ € [p], Z has at most one
of the sets in B;. So |Z| < p. Now for any 4,7, j,5/ € [p] with i # ¢, L;; intersects
Ly ; (at one point) since m; # my. So {Ay1,A21,..., 4,1} is a l-intersecting family
(in fact, (0,¢1) € A;; for each i € [p]) of size p, meaning that {By 1, Bay1, ..., Bp1} is a
t-intersecting subfamily of B of size p, and hence a largest t-intersecting subfamily of B.
So |L|=p=1(B,1).

Let A be a subfamily of B. If A%~ = {), then 8(B,t,A) = %. Suppose A4~ #£ ().
By the same argument for Z above, for each i € [p], A" has at most one of the sets in
B;, and if it does have one of these sets, then, by definition of A", A has no other set
in B;. Let S = {i € [p]: A" has one of the sets in B;}. Then [A“*| = |S|, and for each
s € S, A"~ has no set in Bs. So A"~ C [J;¢p,\s Bj and hence [A"7[ < (p — [S])p. Note
that | S| < p since |A»~| > 0. So we have

Z(B,t)— |-’4t7+‘ p—= ’S’ 1 p Z<B>t)
PBLA =" 2 mise 2 B B
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Therefore, 5(B,t) = Il) and hence x(B,t) = p. Hence (i).
Part (ii) is given by Theorem 1.1.

Finally, suppose k < k(B,t). So p > k+ 1. Let B, = U/, Bi- As we mentioned above,
for i # ', any two lines L;; and Ly j intersect at a point (a,b), and hence the t-set T{4p)
is a subset of B; ; N By js. So By, ..., Bi_1, B}, are cross-t-intersecting subfamilies of B, and
the product of their sizes is p*~1(p — k + 1)p > p* = |L|*. Hence (iii). O

5.2 Solutions for various important families

The cross-t-intersection problem for the product is more difficult than that for the sum,
and hence less is known about the product. However, various breakthroughs have been
made for the special families in Section 3.2.

Consider first the family 2", For t = 1 we have the complete solution given by
Theorem 3.7, and for £ > 1 we have the following.

Theorem 5.5 ([25]) Let A, and Ay be cross-t-intersecting subfamilies of 21", where 1 <
t<mn. Let K1 ={AC[n]: |Al > (n+t)/2}, Ko ={AC [n]: |[AN[n—1]| > (n+t—1)/2}
and Ky ={AC [n]: |A| > (n+t—1)/2}.

(i) If n +t is even, then |A;||As] < |Kq]2.

(ii) If n +t is odd, then |A;||Az| < max{|Kz|?, |K1||K5]}-

Thus, by Lemma 5.1, if n + ¢ is even, then the product of k& > 2 cross-t-intersecting
subfamilies Ay, ..., Ay of 2" is maximum if 4, = ... = A, = K;. Lemma 5.1 yields a
similar generalisation for the case when n + ¢ is odd and |KCo|* > |K4||K3]. However, it is
not known what the maximum product is when n + ¢ is odd, k > 3 and |Ks|? < |K1]|K3],
and we conjecture that it is max{|ICo|*, |KC1|* 1| KCs|}.

The following theorems were proved for 2 subfamilies, and for each one of them, we
obtain the generalisation to any k& > 2 subfamilies from Lemma 5.1 (with p = 2).

For the family ([:f]), we have the next two results.

Theorem 5.6 (|27, 26]) Let A, and Ay be cross-1-intersecting subfamilies of(@), where

1<r<n/2. Then
n—1\2
][] s( ) ,
r—1

and equality holds if A1 = Ay = {A € ([Z]) 1€ A}.

The result for n/2 < r < n is trivial; in this case, A; and A are cross-1-intersecting if
each one of them is the whole family ([:f}).

Theorem 5.7 (|28]) Let Ay and Ay be cross-t-intersecting subfamilies of ([Z]), where
1 <t <r. Ifn s sufficiently large, then

2
Al = ("77)

t
and equality holds if A = Ay = {A € ([7:]) [t] C A}.
Finally, for P, ,, we have the next two results.
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Theorem 5.8 ([15]) Let A, and Ay be cross-1-intersecting subfamilies of Py, where
n > 4. Then
| AL As| < ((n = 1)1)?,

and equality holds if Ay = Ay ={A e P,,: (1,1) € A}
Theorem 5.9 ([16]) Let A, and Ay be cross-t-intersecting subfamilies of Py . If n is

sufficiently large, then
[A[As| < ((n = 1)1)?,

and equality holds if Ay = Ay ={A € Pnn: {(1,1),...,(t,t)} C A}.

Acknowledgement. The author is indebted to the anonymous referee for checking the
paper carefully and providing remarks that led to an improvement in the presentation.
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